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ABOUT THE STUDY 

 

Homotopy Type Theory (HoTT) is an innovative framework that merges 

concepts from type theory, homotopy theory and category theory. It offers a 

new perspective on the foundations of mathematics, emphasizing the role of 

types as mathematical objects.  

 

Foundations of homotopy type theory 

HoTT is built on two main pillars: Type theory and homotopy theory. Type 

theory, originally developed by Bertrand Russell and later refined by Per 

Martin-Löf, serves as an alternative foundation for mathematics, where types 

are considered as sets. Homotopy theory, originating from algebraic topology, 

studies the properties of spaces that are preserved under continuous 

transformations. 

 

In HoTT, types are interpreted as spaces, while terms of these types 

correspond to points in those spaces. This perspective enables a new 

understanding of equality in types: Instead of merely considering two 

elements as equal, HoTT allows for the notion of paths connecting them, 

reflecting the homotopical idea that two paths can be continuously deformed 

into one another [1,2]. 
 

The formalization of HoTT is encapsulated in the univalent foundation, 

proposed by Vladimir Voevodsky. This foundation introduces an important 

axiom, the Univalence Axiom, which asserts that equivalent types can be 

identified. This axiom leads to a powerful correspondence between 

mathematical structures and their homotopical interpretations, enabling a 

unified view of mathematics [3,4]. 

 

Key concepts in HoTT 
 

Types as spaces: In HoTT, types are viewed as spaces where points represent 

elements of those types. This perspective allows for a more intuitive 

understanding of mathematical objects, as types can be manipulated using 

topological techniques [5]. 

 

Path types: Path types play a central role in HoTT, enabling the representation of equality as paths between points. 

For two points (a) and (b) in a type (A), the path type (P(a, b))represents the space of paths connecting (a) and (b).  
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Higher Inductive Types (HITs): HITs generalize traditional inductive types by allowing the definition of new types that 

include not only points but also paths and higher-dimensional paths. This concept provides a powerful tool for 

constructing complex topological spaces. 
 

Univalence axiom: The Univalence axiom is a foundation of HoTT, stating that if two types A and B are equivalent, 

then they can be identified [6]. This principle allows for a homotopical interpretation of type equality, leading to 

significant implications for the foundations of mathematics [7]. 

 

Cubical type theory: An extension of HoTT, cubical type theory, introduces a new way to represent higher-dimensional 

paths and types. This approach provides a more flexible framework for reasoning about homotopy and enables more 

intuitive constructions. 

 

Applications of HoTT 

Homotopy type theory has several applications across mathematics and computer science: 

 

Foundations of mathematics: HoTT offers a new perspective on foundational questions in mathematics, allowing for 

the formalization of concepts such as homotopy, equivalence and higher-dimensional structures. It provides a 

coherent framework for reasoning about mathematical objects and their relationships [8]. 
 

Formal verification: In computer science, HoTT is used in the context of formal verification, where mathematical proofs 

are represented as computer programs. The correspondence between types and proofs facilitates the development 

of verified software and the assurance of correctness. 

 

Category theory: HoTT has implications for category theory, providing a homotopical interpretation of categorical 

concepts. This perspective enriches our understanding of categories and their relationships, leading to new insights 

and results in both fields [9]. 

 

Topological data analysis: The tools and techniques developed in HoTT can be applied to topological data analysis, 

where the structure of data is studied using homotopical methods. This approach enables the extraction of 

meaningful insights from complex data sets. 
 

Higher-dimensional categories: HoTT has profound implications for the study of higher-dimensional categories, 

allowing for the definition and manipulation of structures that go beyond traditional category theory. This 

advancement opens new avenues for research in both mathematics and theoretical computer science [10]. 

 

Current research directions 

Research in Homotopy Type Theory is vibrant and ongoing, with several exciting directions: 

 

Developing new tools and techniques: Researchers are investigating new methods for manipulating types and paths, 

aiming to enhance the practical applications of HoTT in both mathematics and computer science. 

 

Applications to homotopy theory: The interplay between HoTT and classical homotopy theory is an area of active 

investigation, with researchers seeking to uncover new connections and results. 

 

Integration with other frameworks: HoTT is being integrated with other foundational frameworks, such as set theory 

and category theory, leading to a more comprehensive understanding of mathematical structures. 

 

Education and outreach: Efforts are being made to introduce HoTT in educational settings, fostering a new generation 

of mathematicians and computer scientists who are familiar with its principles and applications. 
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Homotopy type theory represents a significant advancement in the foundations of mathematics, merging type theory 

and homotopy theory into a cohesive framework. Its implications extend far beyond pure mathematics, influencing 

computer science, topology and various other fields. As research continues to evolve, HoTT is poised to play an 

important role in shaping the future of mathematical thought and application. 
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